A one-dimensional magnetophotonic crystal with a nonlinear defect placed either symmetrically or asymmetrically inside the structure is considered. Simultaneous effects of time-reversal nonreciprocity and nonlinear spatial asymmetry in the structure are studied. Bistable response is demonstrated in a such system, accompanied by abrupt polarization switching between two circular or elliptical polarizations for transmitted and reflected waves. The effect is explained in terms of field localization at defect-mode spectral resonances and can be used in the design of thin-film optical isolators and polarization transformation devices.
I. INTRODUCTION
Magnetophotonic crystals (MPC's) are periodic structures that contain magnetic materials and have a period comparable to the wavelength of electromagnetic radiation [1] [2] [3] [4] [5] [6] . The simplest example of such a periodic structure is a multilayer having one-dimensional (1D)
periodicity. The main advantage of MPC's in contrast to conventional nonmagnetic photonic crystals (PC's) is their possibility to tune the band edge position in the spectrum of the electromagnetic radiation by means of an external static magnetic field. Moreover, the geometric structure of MPC's allows to obtain strong enhancement in a number of magnetooptical effects.
Among the magneto-optical effects that can be significantly enhanced in MPC's, two phenomena are of great interest: (i) the Faraday effect, which denotes rotation of the polarization ellipse of light as it propagates collinearly with an externally applied static magnetic field, and (ii) the nonreciprocity effect, which involves a difference in phase retardation, polarization rotation, and absorption of forward-vs. backward-directed waves propagating through the system.
The Faraday effect can be seen as the lifting of degeneracy for the left (LCP) and right (RCP) circular polarization states, causing the LCP and RCP components to propagate with different phase velocities in the magnetic medium. This difference in velocity of propagation causes the polarization ellipse of the light to rotate as the light propagates. The effect is linear with respect to the static magnetic field strength. The enhancement of this rotation in MPC's originates from localization of light provided by the multiple interference. 3, 5 In fact, the total rotation angle becomes greater in MPC's with microcavity structure where a magnetic defect is introduced into the periodic system 1 .
Optical nonreciprocity refers to different properties of a medium for electromagnetic waves propagating in opposite directions. It is well known that the nonreciprocity effects are inherent to magnetic media and it can be explained from the symmetry viewpoint. 7 Magnetic field, which is an axial vector, has the symmetry of circular currents set out in a plane perpendicular to its vector. For a medium placed in magnetic field, the rotation directions in this perpendicular plane are non-equivalent. Therefore the optical properties of a magnetic medium are described with a non-symmetric permittivity tensor, and the equations for propagation of LCP and RCP waves in the direction of the field have to be different.
Thus, circularly polarized waves of opposite handedness (or traveling in opposite directions)
are characterized by different phase velocities and/or attenuations in the course of traveling along the same optical path. Since the transformation of a forward-propagating wave into a backward-propagating one with the same handedness is given by the time-reversal operation, the sensitivity of medium properties to the reversal of wave propagation direction is commonly viewed as the time-reversal nonreciprocity.
Aside from the asymmetry of the permittivity tensor, the material nonlinearity can be another source of apparent reciprocity failure. As an example, a nonreciprocal response appears in a layered medium in which frequency changing or self-focusing is asymmetrically located and in which there is also nonuniform dichroism 8 . The order in which the nonlinear and dichroic layers are encountered by incident light will significantly influence the balance between nonlinear and absorptive effects. Another possible way to obtain nonreciprocal response is to combine the nonlinearity in a PC with an asymmetrically arranged defect (i.e., microcavity) inside it, containing some intensity-dependent material (e.g. a Kerr-type medium). In this system the strong field localization inside the defect can be achieved, and the internal field intensity becomes sufficient to change the optical characteristics of the microcavity through the Kerr effect. Since the spatial field distribution is different for the waves incident on a spatially asymmetric structure from opposite sides, nonreciprocal response appears 9,10 . It is convenient to call such kind of spatially asymmetric response the reversible nonreciprocity, since no time-reversal symmetry breaking takes place here.
It is also important to note that such nonlinear reversible nonreciprocity is accompanied by optical bistability. Thus, strong field localization in a defect within a PC alters the electromagnetic radiation spectrum including the position of the band edges. This dynamical band edge shift produces optical bistability which consists in the existence of two stable transmission or reflection states for the same input intensity; the typical input-output characteristic of the system contains a hysteresis loop 11, 12 . In this case the nonreciprocity manifests itself in the different intensity level of input light sufficient to achieve bistable switching for the waves impinging on the system from the opposite sides.
One of the prominent applications of reversible nonreciprocity is the design of a nonlinear electromagnetic diode [11] [12] [13] [14] . On analogy with an electronic diode that transmits electric current in only one direction due to its nonlinear current-voltage characteristics, the nonlinear optical diode features unidirectional transmission of the incoming light. By introducing nonlinearity into the MPC, such unidirectional transmission can be achieved for one circular polarization while remaining transparent for the polarization of opposite handedness.
Hence it is of special interest to study the simultaneous effects of time-reversal nonreciprocity and nonlinear spatial asymmetry on the optical properties of PC's. In this paper, we consider an MPC where a nonlinear defect which is placed either symmetrically or asymmetrically inside the periodic structure. An important feature of the studied system is the fact that the asymmetric bistable transmission is accompanied by the polarization conversion [15] [16] [17] . The main objective of our study is focused on achieving the bistabilityinduced abrupt switching between two distinct polarization states. This can be important for thin-film polarization optics devices and polarization-sensitive integrated optics.
The rest of the paper is organized as follows. In Section II, we formulate the problem under study and introduce its solution based on the transfer matrix method of multilayer optics. Sections III and IV follow with the results for a nonlinear defect placed symmetrically and asymmetrically into an MPC, respectively. Finally, Section V summarizes the paper.
II. PROBLEM FORMULATION AND SOLUTION
We consider a planar multilayer stack of infinite transverse extent ( which are paired with GaAs/AlAs superlatices is recently investigated experimentally in the range 900-1100 nm 18 . Also in the nonlinear regime the structure based on the semimagnetic semiconductors such as Cd 1−x Mn x Te with the defect being a quantum well with prescribed spectral characteristics was reported 19, 20 . From these papers it may be deduced that the magnetic materials manifest their nonlinear properties at the light intensity about 1 GW/cm 2 . In our present paper we consider the nonlinear defect which is made of nonmagnetic material due to its greater availability. As an example, AsGa or InSb can be selected for this purpose. We prefer such structure configuration because these materials require much lower intensities of the incident light to enable the nonlinear effects. From the literature 21 it can be deduced that the nonlinear response in the semiconductor materials can be achieved at the light intensity about 1 kW/cm 2 . Although a defect is made of nonmagnetic material, the studied structure that consists of magnetic layers and such nonlinear defect exhibits a number of very interesting and unique properties that we consider.
Our solution is based on the transfer matrix formalism 22 which is used to calculate the field distribution inside the structure and the reflection and transmission coefficients of the MPC. In the Faraday configuration, when external static magnetic field is biased parallel to the direction of wave propagation ( k M ), the magnetic permeabilityμ 1 is a tensor quantity with nonzero off-diagonal components:
For the description of electromagnetic waves in this case it is necessary to use a 4 × 4 transfer matrix formulation 23 . Thus, at the first stage, in the linear case, the equation which defines the coupling of the tangential field components at the input and output of the structure is written in the next form 24,25
where Ψ = {E x , E y , H x , H y } T is the vector containing the tangential field components at the structure input and output; the upper index T is the matrix transpose operator; Λ is the total length of the structure, Λ = [2(m + n) + 1]D; m and n are the numbers of periods placed before and after the defect element; M 1 , M 2 and M d are the transfer matrices of the rank four of the first, second, and defect layers, respectively. The elements of the transfer matrices in (1) are determined from the solution of the Cauchy problem and are given in 23 .
As the solution of the linear problem (1) is obtained, the intensity of the reflected and transmitted fields and the distribution of the field E in (z) inside the MPC can be calculated.
Generally, when the defect layer consists of a Kerr nonlinear dielectric, the permittivity ε d is inhomogeneous, and depends on the intensity of the electric field at each point of this layer as follows
Knowing the field intensity in the defect layer, both the actual value of permittivity ε d and, consequently, the actual value of transfer-matrix M can be calculated. Thus we deal with an equation on the unknown function of field intensity distribution inside the defect layer.
A magnitude of the incident field A is an independent parameter of this equation. Since the parameter ε nl d is small and the nonlinear contribution to ε d varies with the longitudinal distance on the scale of one-half wavelength we provide an approach which regards ε d as independent on z and treats the dependence of ε d on the average intensity of the electric field |E in | 2 inside the defect layer. Quantitative reasoning of this approach is presented in 25 .
On the basis of this approximation, we suppose that the permittivity of the medium depends on the average intensity of the electric field as
As a result, at the second stage, the nonlinear equation related to the average field intensity distribution in the defect is obtained. The numerical solution of this equation yields us the final field distribution in the MPC and the values of the reflection R and transmission T coefficients, which expressions can be found in 23 .
III. SYMMETRIC MULTILAYERS: POLARIZATION BISTABILITY
Our objective here is to study the main features of optical response for an MPC with a nonlinear defect placed symmetrically inside it. For this reason we consider an MPC con- Now we consider the case when the MPC contains a Kerr-type nonlinear defect. It is known that the introduction of such a defect into an otherwise linear structure can induce bistable behavior in the system. The nature of this bistability is studied in the theory of the nonlinear Fabry-Perot resonators quite well. 27 The resonant frequencies κ ± are sensitive to the refractive index of the material within the cavity. Thus, when the frequency of the incident wave is tuned near a resonant frequency, the field localization induces growth of the light intensity inside the cavity, which, by means of the Kerr effect, eventually alters the refractive index enough to shift the resonant frequency. When this shift brings the resonant condition closer to match the frequency of the incident field, even more energy gets localized in the cavity. This further enhances the shift of the resonance, creating positive feedback that leads to formation of a hysteresis loop in the spectra with respect to the incident field intensity. As a result, for a fixed input field intensity, the frequency dependences for any resonant mode have a typical shape of "bent resonances". In the spectra of a nonlinear MPC this bending can be seen for both resonant modes in the split doublets (Figs. 2b-3b ).
Now consider a linearly polarized wave incident on an MPC with defect. One can represent it as a superposition LCP and RCP waves. As a result, the corresponding optical spectra will contain both resonances. This is demonstrated in Fig. 4 for individual polarization components of reflected and transmitted light, as measured in typical experiments.
Since the whole system possesses axial symmetry in the considered case of normal incidence and Faraday configuration, we can only distinguish between co-polarized (e.g., ss or pp, denoted co) and cross-polarized (sp or ps, denoted cr) components. Since LCP and RCP cmponents are present in a linearly polarized wave in equal proportion, the magnitudes of the co-polarized and cross-polarized components are equal to each other at the resonant frequencies, |T co | = |T cr | = |R co | = |R cr | = 0.5. These conditions are satisfied in the both linear and nonlinear regimes. In the nonlinear case, both localization resonances are bent.
The "angle" of bending clearly depends on the intensity of the incident field and is almost the same for both resonances in the doublet.
Due to the above mentioned polarization sensitivity of a magnetophotonic system, a linearly polarized wave will very likely undergo a change in its polarization state during reflection or transmission. This is confirmed in Fig. 5 , which shows the corresponding frequency dependences of the ellipticity angle (η) and the polarization azimuth (θ) for the transmitted (black lines) and reflected (red lines) fields. According to the definition of the Stokes parameters, we introduce the ellipticity η so that the field is linearly polarized when η = 0, and η = −π/4 for LCP and +π/4 for RCP (note that in the latter cases the preferential azimuthal angle of the polarization ellipse θ becomes undefined). In all other cases (0 < |η| < π/4), the field is elliptically polarized. In the considered frequency band and in the linear regime, the transmitted field experiences the rotation of its polarization ellipse and sequentially changes between LCP and RCP through elliptical and linear polarization states (Fig. 4, solid black lines) . On the contrary, the reflected field is linearly polarized almost in the whole selected band except the frequencies κ − and κ + where it becomes circularly polarized (Fig. 5, solid red lines) . Note that at these resonant frequencies the
Such a drastic difference in the polarization states of the transmitted vs. reflected fields can be understood from the fact that the operating frequencies lie in the stopband of the MPC where an impinging wave is almost completely reflected from the structure. As the incident field is linearly polarized, so, too, is the reflected field. Due to the finite size of the structure a small fraction of the wave's energy still gets transmitted through the MPC, undergoing a 90
• rotation of its polarization ellipse (Fig. 5b ) for κ − < κ < κ + .
At the resonant frequencies, it is evident that the matching circularly polarized eigenmode passes through the system while for the orthogonally polarized eigenmode the transmission is still forbidden. Therefore, both transmitted and reflected fields become circularly polarized within the localized modes frequencies. Note that the reflected field has the same polarization state as the transmitted field because the reflected wave propagates in the opposite direction (see Ref. 7 for clarity).
In the nonlinear regime the ellipticity angle and the polarization azimuth become multivalued functions. Therefore, it is possible to use multistability to switch not only between different transmittances and reflectances but also between two (or, generally, more than two) distinct polarization states in the transmitted and/or reflected light.
The most intriguing scenario for such switching is expected when a bent resonance at Indeed, Fig. 5 shows that at a frequency κ 0 ≈ κ − the bistable switching occurs between RCP and near-LCP for the transmitted light and between linear polarization and RCP for the reflected light. This agrees with the above explanation and is seen in the behaviour of resonance bending in the Stokes parameter space (Fig. 5) . For the reflected light the bending in ellipticity resembles that in the reflectance (Fig. 4a) . For the transmitted light the bent resonances occur in the immediate vicinity of η = ±π/4, because only circularly polarized waves can fully couple to the MPC eigenmodes to become transmitted through it.
Finally, note that Fig. 4b illustrates another peculiarity of the reflection spectra of the structure under study, namely, the formation of closed loops, which appear in the crosspolarized component of the reflected field. In particular, the closed loop appears in the lower-frequency resonance at κ − . The physical mechanism of loop formation is the difference between the values of T co and R co to either side of the resonance. In the linear regime,
since transmittance between the resonances should be higher that to the either side of both defects because it is influenced by the Lorentzian tails of both resonances. Consequently,
(This inequality can also be influenced by non-symmetric placement of the resonances in the band gap due to the violation of the quarter-wave condition in the structures under study.)
In the nonlinear regime, the relation in Eq. (3) holds, and the resonance bending to the direction of lower frequencies will cause a loop to form.
IV. ASYMMETRIC CONFIGURATION: POLARIZATION CONVERSION
Nonlinear multilayer structures with spatial asymmetry, are commonly considered to obtain directional sensitivity or reversible nonreciprocity in nonmagnetic PC's. As a few examples, random or deterministically aperiodic media, as well as periodic structures with asymmetrically positioned defects, were recently reported to have direction-dependent or unidirectional transmission. 11, 12, 14, 25, 28, 29 The general result is that interaction between nonlinearity and asymmetry manifests itself in the simultaneous occurrence of bistability (or multistability) and nonreciprocity. Our goal here is to study the simultaneous effect of the spatial asymmetry and the time-reversal nonreciprocity on the behavior of the localization resonances in the MPC. We modify the structure from Section III to make the number of bilayers in two subsections before and after the defect element different (m = n). We additionally assume that the static magnetic field direction always coincides with the wave propagation direction. This can be assumed without loss of generality because changing the direction of wave propagation without changing the direction of the static magnetic field reverses the handedness of the circularly polarized states (RCP⇋LCP). Hence by considering the response of the original structure characterized by (m, n) and its mirror-symmetric counterpart (n, m) to LCP and RCP incident wave solves the problem completely.
Comparison of the results presented in Figs. 2b-3b and Fig. 6 shows that adding one bilayer at either side of the MPC drastically changes the spectra of the structure. These changes are associated with the already mentioned different field distribution inside the structure. The stark difference in the angles of the localization resonance bending results from the all-optical reversible nonreciprocity. The accompanying change of the magnitude for the reflection and transmission coefficients at the bent resonances (so that |T ± max | < 1 and |R ± min | > 0) results from a certain conflict in the design principles for resonant multilayers. Namely, to increase the structure's sensitivity to the direction of incidence, one needs to increase its the spatial asymmetry; yet to increase the maximum transmission at a resonant peak, the structure should remain close to symmetric 12, 28 . As a consequence, at the frequencies of the localization resonances the transmission is always below unity and the reflected field is always elliptically rather than circularly polarized. Indeed, as seen in However, it can be seen that changing the position of the defect layer within the structure significantly alters the ratio between the reflected and transmitted field, and in particular the relations between co-polarized and cross-polarized components in them (Fig. 8) . While the magnitudes of the co-polarized and cross-polarized transmission components remain equal to each other (|T co | = |T cr | ≤ 0.5), the the relation between the reflection components (|R co | and |R cr |) varies in a much wider range. In one structure configuration (m = 5, n = 6), the peak magnitudes of the co-polarized and cross-polarized reflection components are |R co | ≈ 0.8 and |R cr | ≈ 0.2. In the other configuration (m = 6, n = 5) they are opposite:
|R co | ≈ 0.2 and |R cr | ≈ 0.8. In the latter case there is an obvious significant polarization transformation in the reflected field so that a 90
• polarization rotation of the incident light can be achieved with good conversion efficiency. This can find useful application as thinfilm tunable polarization-rotating mirrors. Also, an appropriate choice of the asymmetric structure configuration, material parameters, layer thicknesses, and magnetic field strength would achieve switching between two orthogonal linear polarization states in the reflected field. This can be important in the design of tunable thin-film polarization splitters and switchers.
V. CONCLUSIONS
In the present paper, we have studied the effects of bistability, nonreciprocity, and polarization transformation in a magnetophotonic crystal with a nonlinear defect placed either symmetrically or asymmetrically inside the structure. The problem is considered in the Faraday configuration, i.e, the external static magnetic field is applied in the direction of the structure periodicity and is collinear with the wave vector of the incident wave.
The reflection and transmission coefficients of the structures, along with the field distribution inside them, are calculated using the transfer matrix approach. The nonlinear problem is solved under the assumption that the nonlinear permittivity of the medium inside the defect layer depends on the average intensity of the electric field inside the defect.
In the case of symmetric structure configuration, it is shown that a bistable response of a nonlinear magnetophotonic system features switching between two circular polarization states within the localization resonances (defect modes) for reflected and transmitted fields.
In the case of asymmetric structure configuration, this switching appears between elliptically polarized states in the reflected field, and between circularly polarized states in the transmitted field. The asymmetric structure also features strong 90
• polarization rotation in the reflected field, with a potential for bistable switching between linear polarizations.
From the specific parameters used in our numerical calculations, it is reasonable to conclude that bistable response and stepwise polarization switching can already be achieved at the incident power densities of 10-100 kW/cm 2 with available materials in the considered structure configuration.
